The Rouse (J. Chem. Phys. 21, 1272Phys. 21, (1953) and Zimm (J. Chem. Phys. 24, 269 (1956)) treatments of the dynamics of a polymer chain are shown to contain a fundamental mathematical error.
For the past half-century, the Rouse [1] and Zimm [2] models have provided a theoretical framework for the description of polymer dynamics in systems ranging from dilute solutions to the melt. The objective of this note is to identify a critical mathematical defect in the Rouse mode solution for these models. The nature of the failing is immediately evident from the Wilson-Decius-Cross [3] treatment of small-displacement vibrations of isolated molecules. The failure, which is fundamental and arises at a mathematical rather than a physical level, has as a result that the characteristic modes and characteristic frequencies usually identified as solutions for these models are incorrect. The following presents first the salient features of the Wilson-Decius-Cross and the Rouse-Zimm models, shows where their solutions contradict each other, and demonstrates where the Rouse-Zimm treatment went astray.
Wilson, Decius, and Cross [3] treat small vibrations of an N-atom molecule. For the displacements r i (t) of the atoms from their equilibrium locations, the equations of motion may be written
Here m i is the mass of atom i and the V ij are components of the matrix of second derivatives (a 3N × 3N matrix) of the potential energy. Eqn. 1 represents a set of 3N coupled linear differential equations. The solutions to these equations are a set of 3N eigenvectors (representing atomic displacements) and 3N corresponding eigenvalues λ i , the λ i being squares of the corresponding vibration frequencies. Six eigenvectors, each having λ i = 0, correspond to whole-molecule translations and rotations that do not alter the relative positions of the atoms. The remaining 3N − 6 internal normal modes represent the molecular vibrations.
The degenerate zero eigenvalues create technical mathematical difficulties with solving the corresponding eigenvector-eigenvalue problem. Wilson, et al. [3] solved the problem by identifying an appropriate set of internal molecular coordinates, including bond stretches, bends, torsions, and out-of-plane motions, and a matrix method for transforming eqn. 1 from its cartesian 3N-dimensional form to a new 3N − 6-dimensional form. In the new form, the basis vectors are internal coordinates, while the whole-molecule translations and rotations occupy a 6-dimensional subspace orthogonal to the subspace of the internal coordinates.
The Wilson-Decius-Cross FG method thus leads to a non-singular matrix whose solutions are the 3N − 6 internal modes. One also implicitly obtains six eigenvectors having eigen-value zero and corresponding to whole-molecule translations and rotations. For the simplest case of a bent triatomic molecule A-B-A, the 3N solution vectors are three orthogonal free translations, three orthogonal free rotations, and three internal modes qualitatively and imprecisely described as the bending mode, in which the A-B-A bond angle oscillates, and two bond stretching modes, in which the two A-B bond lengths oscillate in or out of phase with each other.
Comparison is now made with the Rouse and Zimm polymer models. These models treat a linear chain of frictional beads ("sub-molecules"), here labeled (1, 2, . . . , N). The coordinate of bead i is r i , the vector displacement from bead i − 1 to bead i, i = 1 being a special case. Because their origins move, the r i form a set of non-inertial coordinates, but effects arising from the non-inertiality will be seen to be negligible. Each bead has mass m and drag coefficient f . The distribution of bead-to-bead distances corresponds to a potential of average force whose gradients are the thermally averaged forces that beads exert on each other. The distribution of distances is Gaussian, so the average force between adjoining beads is a harmonic restoring force having a spring constant here denoted k. For a polymer chain in a stationary solvent, the Newtonian equations of motion corresponding to the Rouse model are (except for special-case beads 1 and N) written
At low frequencies of interest here, the inertial terms forming the LHS of this equation, and matching fictitious forces arising from the non-inertial nature of the coordinates, are negligible. If the solvent is not stationary, additional forces f u i appear, u i being a local solvent velocity at the location of bead i. From symmetry, r i = 0, so the r i do represent displacements of the beads from their current equilibrium positions.
Several simplifications are now applied. The bead-bead average force represents a bond stretch. The angles between pairs of adjoining bonds do not affect the average forces. Beads i and i ± n, n > 1 have no direct interactions. Therefore, the x, y, and z displacements of the different atoms are seemingly uncoupled, allowing eq. 2 to be reduced to a set of N − 2 equations for the x coordinates of beads 2, 3, . . . , N − 1,
plus two-special-case equations for the x coordinates of beads 1 and N, and two corresponding sets of N equations for the y and z coordinates. The Zimm model adds to the forces on bead i the hydrodynamic forces j T ij · F j due to mechanical forces F j exerted on the solvent by the other beads j, T ij being the pre-averaged Oseen tensor in which F j and
Eq. 3 can be converted to a Langevin-type equation by adding a random thermal force 
for n ∈ (1, 2, . . . , N −1). The displacements x i of the atoms are determined by the amplitudes C n of the normal modes via
C 0 being the center-of-mass location, and with corresponding solutions for motions in the y and z directions. The relative atomic displacements in a single mode n are found by taking C n = 1 and all other C j , j = n, to be zero.
The above coupled differential equations are separable, so to solve their spatial parts and Riseman [4] implicitly uses this approach, while terming internal modes "fluctuations".
In this alternative approach, one remains in Cartesian coordinates, thereby permitting a straightforward analysis of hydrodynamic interactions between polymer coils, as seen in
Refs. 5 and 6.
To return to the primary conclusion, the standard mode solution to the Rouse model is incorrect. The standard solutions fail to generate the whole-body chain rotations that make the dominant contributions to viscosity and other polymer solution properties . The terms are lost for fundamental mathematical reasons, not because the models are physically inadequate, with the consequence that calculations based on the mode solution may be invalid.
